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<L^ ■ Abstract 

C 1 In this paper, we consider the global existence and uniqueness of the classical solutions for the 

3D viscous liquid-gas two-phase flow model. Initial data is only small in the energy-norm. Our 
p I 1 main ideas come from [16] where the existence of global classical solutions to the compressible 

'. Navier-Stokes equations was obtained by using the continuity methods under the assumption that 

the initial energy is sufficiently small. 
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(NT 

q ■ 1 Introduction 

In this paper, we consider the following viscous liquid-gas two-phase flow model 
m t + div(mw) = 0, 

\n, + div(nw) = 0, (1.1) 
(mu) t + div(mw ® u) + VP(m, n) = pAw + (jj, + A)Vdivu, in R 3 X (0, oo), 



(N 



X 



with the initial and boundary conditions 



(m, n, u)\ t= o = (mo, uq, uq){x), in R , (1.2) 

u(x, t) -> 0, m(x, t) -> in > 0, n(x, t) -> h > 0, as \x\ -> oo, t > 0. (1.3) 

Here m = aipi and n = a g p g denote liquid mass and gas mass, respectively; fi, A are viscosity 
constants, satisfying 

H>0, 2// + 3/l>0, (1.4) 

which deduces fj. + A > 0. The unknown variables 07, a g € [0, 1] denote liquid and gas volume 
fractions respectively, satisfying the fundamental relation: ai + a g = 1. Furthermore, the other un- 
known variables p/ and p g denote liquid and gas densities respectively, satisfying equations of state: 
Pi = P/,o + — r^> Pg = -T, where a/, a g are sonic speeds, respectively, in liquid and gas, and P/ o 
and pifi are respectively the reference pressure and density given as constants; u denotes velocities of 
liquid and gas; P is common pressure for both phases, which satisfies 

P(m, n) - C° (-b{m, n) + ^b(m, n) 2 + c(m, «)) , (1.5) 
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with C° = \a], k = p w - if > 0, a = (|) 2 and 

(a g \ 2 

b(m, n) = Icq - m — — n = ko - m - a§n, 
W 

(aA 2 

c(m, n) - 4&o — I n — Akoaon. 
\ai) 

The detailed explanations about the above model can refer to O, we omit it here. 

We should mention that the methods introduced by Evje and Karlsen in [3], Yao, Zhang and Zhu 
in Ifl4l for the two-phase flow model and Hoff in QUI, Zhang and Fang in |fT51 , Zhang in [ 16] for the 
single-phase Navier-Stokes equations will play crucial roles in our proof here. 

As in (3j , we give the potential energy function G in the form 

„ f P{s,±s)-P{m,h) m m n 

G(m, —) = m as h — P(m,n) P(m, —m). (1.6) 

m Jrh s fh mm 

Now we assume that the initial data (ra , n , u ) will be measured in the norm given by 

Eq= f \l-m \uo\ 2 + G\m , — \\dx. (1.7) 



mo 



Let 



M = J \Vu Q \ 2 dx. (1.8) 
It follows that there is a constant q, which will be fixed throughout, such that 

4 , 4u 

q € (1, -), with q < , and A<3/j. (1.9) 

3 ii + A 

The vorticity matrix and the effective viscous flux are defined respectively as follows: 

ta j ' k = d k u j -dju k , (1.10) 

and 

F = (A + 2/j)divu - P(m, n) + P(m, n). (1.11) 
From (II . 10b and (11.1 lb . we have 

a / a , F + P(m,ri) - P(m,h) ■ ■ 

Au } = dj( — ) + di(u) J ' ). (1.12) 

A + 2/J, 

Finally, we denote the material derivative ^ by ^ = 6j = a> t + u ■ Voj for function w(x, t). 
The following is the main result of this paper. 

Theorem 1.1. For sufficiently small constants e € (0, 1), m () > 0, mo > 0, n Q and Ho, with m < in < 
m,Q, n Q <h< no, let the initial data (mo(x), no(x), uo(x)) satisfy 

' m n < inf mo < sup mo < mo, 

x 

n Q < inf no < sup n < no, . 

x x (1-13) 

< E < e, 

mo — m, no — h, uo £ H 3 . 
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Define 

Furthermore, assume that 



mi — , so = sup — . (1-14) 

x m Q x m 



lo = " . (1.15) 
m 



Then there exist constants m, m, with m<m <mo<m and m > —, such that the problem (1.1 )-( 1.3) 
has a unique global classical solution (m, n, u)(x, t) satisfying 

' < m < m(x, t) < m, 

s Q m < n(x, t) < Horn, (1-16) 
K (m-m,n-n,u) € C l (R 3 x (0, T]) n C([0, T], H 3 ) C l ((0, T], H 2 ), 

furthermore, we have 

sup \\{m-m,n-h,u)\\ H 3 + sup ||(m ? ,7i ? )||#2 + f \\u\\ 2 4 dt < C(T), VT > 0. (1.17) 

fe[0,T] te[0,T] JO 



sup \\u t \\ H 2 < C(t,T), Vt > 0, T > 0. (1.18) 

/e(T,r] 



Remark 1.1. It is easy to verify 



(1-19) 



P n = & = C° la + ~^< m + a n + ^c )} > 0, m, n > 0. 
r/j/i shows that P(m, n) is increasing in m and nfor m, n > 0. 

Remark 1.2. It should be mentioned that the existence of global strong solutions for 3D with vacuum 
was obtained recently by Guo, Yang and Yao, please see where the initial energy was assumed to 
be small enough and the solutions satisfied 

< £ m < n < ~s Q m, (m-m,n-h)e C([0,T]; W lqo n H l ), 
u e C([0, T\\D\ n D 2 ) n L 2 (0, T; D 2 ' qo ), u t e L 2 (0, T; D l ), ^iu t e L°°(0, T; L 2 ), 

for some qo € (3, 6]. It seems impossible to consider the existence of classical solutions under 
the assumptions of Ml/, since higher order derivatives of the pressure function are unbounded on 
{{m,n)\m = ko,n = 0\, such as 

2 -4C a 2 kQm 
d n P(m,n) = - oo, on {(m,n)\m = k$,n = 0}. (1-20) 

[(fco - m - a§ri) 2 + 4koaon] 5 

It seems that the assumption inf no > and inf mo > is enough. While, for simplicity, we assume 
that both no and mo are positive in Theorem \l.l\ In this case, the compatibility condition like (1.16) 
in M]/ is not necessary. 
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2 The proof of Theorem 



1.1 



The local existence of the solutions to d 1 . 1 [ )- (fTT3T > with the regularities as in Theorem 11.11 can be 
obtained by the similar methods as in (H, IfTTl and the references therein. We omit it here for brevity. 
The regularities guarantee the uniqueness (refer for instance to HI). Let [0, T*) be the maximal 
existence interval of the above solutions. Note that the local existence of the solutions guarantees 
T* > 0. Our goal is to prove T* = oo by using a contradiction argument. More precisely, suppose 
T* < oo, our aim is to get 

sup ||(m -m,n — h, u)\\ H 3 < K, C2 1) 

fe[0,r] ' v ' ' 



and 



inf m > A, inf n > i n j\ 

(jc,0eR 3 x[0,T] (x,t)eR 3 x[Q,T] v ' ' 



for any T e (0, T*), where K is a generic positive constant depending only on T* and other known 
constants but independent of T. With (12.11 ) and (12.21 ). T* is not the maximal existence time of the 
solutions, which is the desired contradiction. 

The proof is divided into two steps. It should be pointed that the H Y x // 2 -estimates of ((m, n), u) 
could be obtained by the same arguments as in |6). For completeness, we still present some of the 
crucial estimates which might be slightly different from those as in [6] with m and n positive lower 
bounds. For the higher order estimates of (m, n, u), we shall apply some ideas which were used to 
handle the 3D single-phase Navier-Stokes equations, see for instance ifToll . More precisely, we pro- 
ceed as follows. 

Step 1: The bounds of the density. 

Claim: There exist e € (0, 1) sufficiently small and m € (0, m n ), and m e (mo, oo), and m > — , 
such that for any given T e (0, T*), the following estimates hold: 

m < m(x, t) < m, (x, t) e R 3 x [0, T], (2.3) 

A l {T)+A 2 {T)<2El (2.4) 
for some 9 e (0, 1), provided the initial energy Eq < e. Here we have used the following two notations: 

A\(T) = sup cr J \Vu\ 2 dx + J J cr\u\ 2 dxdt, 
te[0,T] J JO J 

A 2 (T) - sup <t 3 f \u\ 2 dx + f f o-^Vwl 2 ^*, (2.5) 
fe[0,r] J Jo J 

where cr - cr(t) = min{l, t). 
Define 



T = sup IS e [0, T] m < m(x, t) < m, (x, t)eWx [0, 5], and Ai(5) + A 2 (5) < 2E u j . 

To get (12.31 ) and (12.41 ). it suffices to prove To = T. 

Since m < rao(x) < m and Ai(0) = A 2 (0) - 0, we get To > by using the continuity of m, A\(t) 
and A 2 (0 with respect to t over [0, T]. 

To get To = T, it suffices to prove 

m<m y < mix, t) <rh\ < m, for some constants m { and ~m\ , 

and 

A l {t)+A 2 {t)<El, Vfe[0,r ], 
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provided the initial energy E$ < e, for e > sufficiently small. 

From the momentum equation (ll.lh and d 1. 10b . (11.111) . we have 

mu j = djF + fidkOjj*, (2.6) 

which implies 

AF = div(mw), (2.7) 

and 

fiAajj' k = d k (mu j ) - dj(mu k ). (2.8) 

This shows that the L 2 estimate of mu implies L 2 bounds of VF and Voj. Equations (12.71 ) and 02.81 ) 
will play important roles in this section. 

Throughout the rest of the paper, we denote the generic constant by C depending on the initial 
data and other known constants, but independent of To, T and T*. We omit the integration domain 
when we integrate some functions over R 3 . 

Lemma 2.1. Under the conditions of Theorem 1.1, it holds that 

m 

— <n<Cm. (2.9) 
C 

Proof. The proof of Lemma l2Tl can be found by Yao-Zhang-Zhu in Ifl4l . 

□ 

Lemma 2.2. Under the conditions of Theorem 1.1, it holds that 

sup f (|m| 2 + (m - fhf + (n- hf) dx + f f \Vu\ 2 dxdt < CE . (2.10) 

te[0,T ] J JO J 

Proof. Let 

A(t) = J i^m\u\ 2 + G (m, ^ dx. (2.11) 

Differentiating A(t) with respect to t, using integration by parts and the equation (1.1), we get (12.10I ). 

□ 

Lemma 2.3. Under the conditions of Theorem 1.1, it holds that 

Ai(T ) < CEq + C ^ J o-\Vu\ 3 dxdt, (2.12) 

and 

XTo r r-Ta r- 

J cr\Wu\ 3 dxdt + C J J cr 3 \Vu\ 4 dxdt. (2.13) 

Proof. The estimates (12.121) and (12.131 ) can been obtained by the similar arguments as that in [14J. 

□ 

To handle the higher order terms on the right-hand sides of (12.121 ) and (12. 13b . we need the follow- 
ing lemma whose proof can be found in [14 J and references therein. 
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Lemma 2.4. Under the conditions of Theorem 1.1, it holds that 

1Mb- < C p \\u\\ J\\Vu\gf , pe[2,6\. (2.14) 

<C p E^\\yu\\y, pe[2,6]. (2.15) 

l|V M ||i, < C r (\\F\\u + IMIz/ + \\P(m,n) - P{m,h)\\u), r e (l,oo). (2.16) 

||VF|| L , + \\Vaj\\ Lr < C r \\mu\\u, r e (l.oo). (2.17) 

AZso, /or < ?i < t2 < Tq, I > 2 and s > 0, we have 

r o- s \P(m,n)- P(m,h)\ l dxds <C^J~ J cr s \F\ l dxds + £ J . (2.19) 
Lemma 2.5. Under the conditions of Theorem 1.1, there exists a constant T\ > 0, such that 

^T /\T, 



\\F\\lp + IMLlp < C p \\mu\\ T 2 / ||Vu|| r 2 2 " + \\P(m,n) - P(m,h)\\ r \ P , P e [2,6]. (2.18) 



sup |Vi/| z Jx + |w| z JxA < C(l + M), (2.20) 

fe[0,r ] J Jo J 

where we have used the notation e\ A e2 = min{ei, ^l- 

Proof. Similar to the proof of 02.121 ), multiplying (1.1)3 by u, integrating the resulting equation over 
K 3 x [0, t] (t e [0, Tq\), and using integration by parts, Holder inequality, and Cauchy inequality, we 
have t 

J \Vu\ 2 dx + J J \u\ 2 dxds < C(E + M) + C J J \Vu\ 3 dxds, 
It follows from (l2~l6l) and (12191 that 

J J \Vu\ 3 dxds <C + C J J (\F\ 3 + \co\ 3 )dxds. 

By (I27T81) . we get 

3 3 

J (\F\ 3 + \cj\ 3 )dx ^C^J (\Vu\ 2 + \P(m,n) - P{m,h)\ 2 )dx^ I J m\u\ 2 dxj . ( 2 - 21 ) 
Thus, from Lemma [2721 and Young inequality with e, we have 
J\Vu\ 2 dx + J J ' \ii\ 2 dxds 



< C(l + M) + C J I J (|Vw| 2 + \P(m,n) - P{m,h)\ 2 )dx^ (J m\u\ 2 dx^ ds 
<C(1 + M) + CJU (|Vw| 2 + \P(m, n) - P(m, h)\ 2 )dx^ ds + j J \ii\ 2 dxds 

< C(l +M) + Ct sup ||Vw(-, s)\f 2 + ]- f f \u\ 2 dxds 

se[0,t] 2 Jo J 

< C(l + M) + Ct{\ + M) 2 ||Vw(-, s)\\ 2 l1 + X - J \u\ 2 dxds, 

for t € (0, 1) fl (0, Tq) sufficiently small, where we have used the continuity of J \Vu\ 2 (x,t)dx with 
respect to t over [0, Tq]. Taking T\ - min{ sc ^ +M y_ > 1) an d letting t < Tq A T\, we obtain (12.20b - □ 
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Lemma 2.6. Under the conditions of Theorem 1.1, for s > sufficiently small, we have 
| (o-|V«| 2 + o- 3 \u\ 2 )dx + f 

«e[0,T ] ■ 

Proof. From (12.121 ) and (12. 13b . we have 

-To 



sup f (cr|V M | 2 + o- 3 \ii\ 2 )dx + f f (o-\u\ 2 + o- 3 \Vu\ 2 )dxdt < E° Q . (2.22) 

E[0Jb] J JO J 



LHS of (I2T221 < CE + C J ° J" (<x|V M | 3 + <x 3 |Vw| 4 >to/s. (2.23) 



By ( 12. 16b . we have 



o- 3 \Vu\ 4 dxds <C J J cr 3 [|F| 4 + M 4 + |P(m, n) - «)| 4 ]tte/s. (2.24) 
Using C3b . (I2TT0T> . (12141 and (l2T7Tl - (IZl9l we have 

° J~ cr 3 (|F| 4 + M 4 )rfjc^ 

r r - - - 

<C^V 3 |J" |F| 2 dxJ~|j~ |VF| 2 t/xJ 2 +|j^ \a)\ 2 dxY (J \Vca\ 2 dx 

< C f ° cr 3 (\\Vu\\ L 2 + ||VP(m, n) - P(m, h)\\ L2 ) \\mu\\ 3 L2 ds 



ds 



<C sup If cr(|V«| 2 + \P(m,ri) - P{m,n)\ 2 )dx f a 3 m\u\ 2 ds\' 

fe[0,r ] 

crm\u\ dxds 



< CE 26 . (2.25) 



From ( 12.251 ), we have 

To p I rT r 

cr 3 \P(m,n) - P(m,n)\ 4 dxds < clj J cr 3 \F\ 4 dxds + E 

< CE 2e + CE . (2.26) 

From (I224l >- (l2.26b . we have 

To 

' cr 3 |V M r < C£jf + C£" . (2.27) 



From (12T271 d2TT0T> . we get 



f ° f cr|Vw| 3 ^j < | jf ^ r / (cr 2 \Vu\ 4 + \Vu\ 2 )dxds 

JToAT, J 1 



< C{T X ) ff o \ Ti J (o- 3 \Vu\ 4 + \Vu\ 2 )dxds 

< C(M)E 2 ) e + C(M)E , (2.28) 



where we have used Lemma 1231 
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From (12741 . (ITTOl) . (|27T6T> . (ITT81) . (I27T9T ) and LemmaO we have 



cr\V dxds 



Jo J' 

nT M [ n 

Jo J' 

< C£ + X r ° Ari °"(/ d V "l 2 + l p (™>«) - P(m,n)\ 2 )dxY {Jm\u\ 2 dxY ds 



< CE Q + I I cr(|F| 3 + \aj\ 3 )dxds 



< C(M)E + C\ sup tr||VH||l [I ° AT> \\Vu\\ 2 ds + [J° AT> cr\\P{m, n) - P(m, n)\\ 6 r2 dt 
Uw.ro] l jo l 



x 



3 

XW, \ 4 

cr\\mu\\ 2 L2 ds 



< C(M)E Q + C(M)e\ +d + C{M)e\ ( 1 +e) . (2. 29) 

Then, from (fZffl), ED , d2T27T) - (|2T29l , we obtain 

LtfS o / S < C(M)£ o A2eAi(1+0)A( ^ +e) . (2.30) 
Thus, when £ is sufficiently small such that C(M)£ (1 ~^ A0A ^"? 0)A ? < 1, we can get 

LHS of (IT221) < Eg. (2.31) 
This completes the proof of Lemma [2761 □ 
From Lemma [2751 Lemma [2761 and Ref. |[T6l (Propositions 3-5), we can get the next lemma. 
Lemma 2.7. Under the conditions of Theorem 1.1, it holds 

sup f \Vu\ 2 dx + f f |w| 2 ttefr < C(M). (2.32) 
<€[o,r ] ^ Jo J 

Tfwe assume further that there exists q e (1, |) satisfying q 2 < j^, then we have 

-T 



sup cr Pl f |m| 2+ ^+ f f cr Pl \u\ q \Vu\ 2 dxdt < C(M), Pl = 1 + ^. (2.33) 

e[0,7" ] J Jo J 4 



Lemma 2.8. Under the conditions of Theorem 1.1, it holds 



2q-2 £±2i 

l|E|| L ~ + HcoIIl- < C(||Vk|| L 2 + \\m - m\\ n + \\n - (2.34) 

and 



I 



\\\F\\ L ™+\\co\\ L ~)ds<C(M)E^\\ + T (i ), ?6(1,J). (2-35) 



3 

Proof. From (12. 10b . (12. 17b . (12.22b . and the Gagliardo-Nirenberg inequality, we have 

2fer-l) 6+3*; 

l|E|b» < C||F|L 4 2 +5f/ IIVFHf 35 



l L 2 " "z,2+? 



2to-l) 



6+3.; 



< C(||V M || i2 +\\ m -m\\ L 2 +\\n-h\\ L 2)^\\mu\\ 4 i ;ll, ( 2 - 36 ) 



and 

X T T 2( 9 -l) 6+3 1 

\\F\\L~ds < X °(||V M || i2 + ||m - m\\ n + \\n - n\\ L 2)^ \\mu\\^ q ds 

< C(M)J \criE*)'&*(fr~**)*B*ds 

8(9-1) 

< C(M)£ W (1 + To). (2.37) 
Similarly, we can obtain the same estimates for to. This completes the proof of Lemma [2781 □ 

Now, we apply the estimates in Lemmas I2.8H2.9I and the hypothesis (12.31 ) to close the bounds of 

m. 

Lemma 2.9. Under the conditions of Theorem 1.1, for given constants and mi satisfying < m < 

m, < m <rh\ <m and rti\ > —, there exists a constant e > sufficiently small, such that 
— 1 io ... 

m, < m(x, t)<m u (x, t) e R 3 x [0, T ], (2.38) 
provided that Eq < e. Furthermore, the estimates in Lemma \Z2j2.8\ hold. 

Proof. Using the similar argument as that in Ref. [14] (Proposition 2.5) and Ref. lfl6l (Proposition 

7), we can easily obtain this lemma in K 3 and omit the details. □ 

By (127221 and (I2"73~8i we get T = T. Thus, (fO) and (ETU) hold for any T e (0, T*). This ends the 
proof of Step 1. 

Step 2: Estimates for the higher order derivatives of (m, n, u). 
Just as in (9J [TDl, we introduce the quantity w, which is defined by 

w = u - v, 

where v is the solution of 



f juAv + (A + /i)Vdivv = VP(m, n) in R 3 , 
1 v(^) = as |x| — > oo. 

The following estimates can be found in the ref. [9] (Proposition 2.1): 

| HVvlliP <C\\P(m,n)-P(m,n)\\LP, 
\\\V 2 v\\ L p <C\\VP(m,n)\\is, 

for any p € (1, oo). 

By using the equations (ll.ll ). we find w satisfies 

(pAw + (A + yu)Vdivw = mil in R 3 , 
w(x) = as \x\ oo. 



(2.39) 



(2.40) 



(2.41) 



Lemma 2.10. Under the conditions of Theorem 1.1, it holds that 

( m\u\ 2 dx + J 

*€[0,r] . 



sup fm\u\ 2 dx+ f f (\Vu\ 2 + \—divu\ 2 )dxdt < K. (2.42) 
(ero,ri J Jo J ' Dt J 
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Proof. We take the operator d t + div(u-) in (1.1)3, multiplying the resulting equations by u, we have 

iij[d t (mui) + div(umiij)] + u-i[djP t + div(udjP)] 
= fiii j [d t Auj + div(wAi^)] + (A + fi)ii J [djd t (divu) + div(w<9/(divM))]. (2.43) 

Integrating the above equation over R 3 and using integration by parts, we have 

- J m\ii\ 2 dx - — J mo\uo\ 2 dx - ^ ^ ii\djP t + div(u ■ djP)]dxds + ^ J* fiui[Au J t 

+div(w • Au^)]dxds + J~ J" (A + f£)u\d t d jdivu + div(u ■ djdivu)]dxds 

:= Z K t . (2.44) 
From mo - m e H l and uq e H 2 , we know 

= I J~ m \u \ 2 dx < K. (2.45) 

From the integration by part, the equation (l.l)i, (1.1)2, (12.101 ). (12.381) and the Cauchy inequality, we 
get 

K 2 = - J J u 3 [djP, + div(udjP)]dxds 

= ^ ^ {djii\P m m t + P n n t ) + dkU J 'djPu k ^ dxds 

- — ^ ^ {P m {mdivu + u ■ Vm)djii 3 + P n (ndivu + u • Vn)d ; w ; ) dxds 
- ^ ^ P(m, n)d j(dkii J 'u k )dxds 

- J~ J {-P m md\Mudjk 3 - P n nd\MudjU) + dj l (djii-'u k )P - dj{dkU^u k )P^ dxds 

- ^ ^ [~P m md\vud jk 3 - P n nd\Mud jU) + djU ] divuP - d^dji^P^ dxds 

< KEq + ^J o J \Vu\ 2 dxds. (2.46) 
From the integration by part and the Cauchy inequality, we get 
K 3 = M f J* ii J [Au J t + div(uAu-i)]dxds 

- — fx ^ J"[diii 3 diU J t + Au^u • Vii^]dxds 

- -fi J" ^ (| Vm| 2 - diU^u k dkdiU 3 — dirt diU k dkui + Au^u ■ Vie 7 ) dxds 

- -fi J" ^ (| Vm| 2 + diii^dkU k diU 3 - diU J 'diU k dkU 3 - <9,m j 'diU k dkU^ dxds 

~~2 J" J \ Vil \ 2(ixds + K f Q J Nufdxds. (2.47) 
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From the integration by part, (12.101 ). (12.381) and the Cauchy inequality, we get 

K4 - (A + /j.) J~ ui[d t djdivu + div(ud jdivu)]dxds 

- -(A + /j.) ^ ^ {djU^\d t {Aivu) + div(wdivw)] + w ; div(3 ; MdivM)) dxds 

--(A+/J.) ^ J djU } —divudxds - (A + ji) ^ J" djii\divu) 2 dxds 

-{A + /J.) J J ii^di(dju'divu)dxds 

= -(A + /j.) f f \^-di\u\ 2 dxds - (A + n) f f dju'djU J ^-divudxds 
Jo J Dt Jo J Dt 

-(A + fi) ^ J" djii\divu) 2 dxds + (A + fi) ^ J d^djii divudxds 

<-^-y^J^ J \^-divu\ 2 dxds + ^ J J \Vu\ 2 dxds + K J J \Vufdxds. (2.48) 

Using a similar argument as Lemma 12761 we can get 

J J \Vu\ 4 dxds < K. (2.49) 

From (I2.44b - (l2.49b and the Cauchy inequality, we can get 

m\u\ 2 dx+^J J \Vu\ 2 dxds + ^~Y~ J J \^-divu\ 2 dxds < K. (2.50) 

We complete the proof of Lemma R. 101 □ 
Corollary 2.1. Under the conditions of Theorem 1.1, it holds that 

J \\Vw\\ 2 wUl ds < K, where /i€(3,6], or h = 2. (2.51) 

Proof. From (12.38b . (12.411) . (12.421 ) and Sobolev's embedding theorem, we have 

f \\Vw\\ 2 wUl ds < K f \\mu\\ 2 Lh ds 





\\u\\ 2 Lh ds 










Jo 


\\u\\ 2 m ds 




<K, 




(2.52) 



where we have used the standard elliptic estimate. 

Lemma 2.11. Under the conditions of Theorem 1.1, it holds that 



sup (||Vm(-, t)\\ m + ||Vn(-, f)\\ m ) < K, qi e (3, 6]. (2.53) 

te[0,T] 
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Proof. Differentiating the equation (ll.llh with respect to xu then multiplying both sides of the result- 
ing equation by qi\djm\ qi ~ 2 dim, we get 

d t \diin\ qi + &\v(\dim\ qi u) + {q { - \)\dim\ qi divu 
+qim\dim\ qi ~ 2 dimdidivu + q\\dim\ qi ~ 2 dimdiU ■ Vm = 0. 

Integrating the above equality over R , we obtain 

\\m\ qi dx 



I/ 1 

<K J \Vu\\Vm\ qi dx + qi f m\Vdivu\\Vm\ q[ - l dx 

< ^IIVBlli-UVmll* + *|| V 2 M || L91 HVmll^" 1 . (2.54) 



Similarly, we get 



qi dx 



if™ 

<K J \Vu\\Vn\ qi dx + qi J n\Vdivu\\Vn\ q[ ~ l dx 

<Z||Vw|| L -||Vn||« + K\\V 2 u\\m\\Vn\\%\ (2.55) 



||V 2 v|| L „ < K(\\Vm\\ m + ||Vn|| £?1 ), (2.56) 



From (12.40b . we obtain 
then we get 

||Vv|| t » < K(l + ||Vv|| BMO ln(e + \\V 2 v\\ m )) 
<K(l + \\P\\ L „ nL 2Me + \\VP\\w)) 

< K(l + ln(e + ||Vm|| L?] + \\Vn\\m )), (2.57) 

where the first inequality could be found in 191 . 
From (|235T >- (|237T ). we get 

^-(HVmlb, +\\Vn\\ m ) 
dt 

<K(1 + ||Vw|U- + l|Vv|l L -)(||Vi»|| L n + HVnllitt) + C||V 2 w|| L „ 
<K (1 + ||Vw|| w i« + ln(e + \\Vm\\ m + \\Vn\\ m )) Q\Vm\\ m + ||Vn|| L?] ) 
+ ^||V 2 w|| L „ . 

Note that UVwH^i.,, € L 2 (0, T) by Corollary |2J] Then by the Gronwall's inequality, we obtain (T233T ). 
This completes the proof of Lemma |2.1 11 □ 



Corollary 2.2. Under the conditions of Theorem 1.1, it holds that 



f 

Jo 



\\Vuf L oods < K. (2.58) 
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Proof. From (12.511 ). (12.531 ). (12.571 ) and Sobolev's embedding theorem, we have 

C WVuf^ds < f T ||Vw||i« + \\Vv\\l„d S 
Jo Jo 



</v | \\V W \\ 2 wlm ds + K 



I 

Jo 

< K. (2.59) 

This completes the proof of Corollary 12.21 □ 

Lemma 2.12. Under the conditions of Theorem 1.1, it holds that 

sup (||Vm(-, t)\\ L 2 + \\Vn(; t)\\ L z) < K. (2.60) 
fe[0,r] 

Proof. Differentiating the equation (ll.llh with respect to xu then multiplying both sides of the result- 
ing equation by 2<9,/n, we get 

d t \dim\ 2 + div(|<9,-ra| 2 M) + |d,m| 2 divM 
+2m<9 i m3 i divw + 25,m<9 ! w ■ Vm - 0. 

Integrating the above equality over R 3 , we obtain 

— f \Vm\ 2 dx 
dt J 

< K J \Vu\\Vm\ 2 dx + 2 J m\Vdivu\\Vm\dx 

< K\\Vu\\ L ~\\Vmf L2 + ^||V 2 M || L 2||Vm|| L2 . (2.61) 



Similarly, 



\Vn\ 2 dx 



d_ r 

dij 

< K J \Vu\\Vn\ 2 dx + 2 Jn 



\\Wn\ z dx + 2 J n\Vdivu\\Vn\dx 
< K\\Vu\\ L ~\\Vn\\ 2 + £||V 2 M || i2 ||Vn|| L2 . (2.62) 



||V 2 v|| L2 < K(\\Vm\\ L 2 + ||Vn|| i2 ). (2.63) 



From (12.401 ). we obtain 
From (12371 ) and (12331 . we get 

l|Vv|| L - < K. (2.64) 

From (I2.61N2.64I ). we get 

4 (||Vm|| i2 + ||Vn|| L 2) 
dt 

< K{\ + ||Vw|| i -)(||Vm|| I 2 + HVnlb) + £||V 2 w|| L 2 
<K(l + \\Vw\\ w i m )(\\Vm\\ L 2 + \\Vn\\ L 2) 
+^l|V 2 w|| L 2. 

Note that HVwHy^u, HVwH^u, e L 2 (0,T) by Corollary 12.11 Then by the Gronwall's inequality, we 
obtain (12.60b - This completes the proof of Lemma [2. 121 □ 
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Corollary 2.3. Under the conditions of Theorem 1.1, it holds that 

sup {\\u\\l-» + Mlffi) < K. (2.65) 
/g[0,r] 

Proof. From ( I2TT7T ) and d2"7f2l , we have 

||VF|| l2 + \\Vco\\ L 2 < K\\mu\\ L 2 

< K. (2.66) 

From (021 . (CTTOl) . dl60l > and (I2T661) . we have 

INI* < *(IMb + \\VF\y + nvp|b + iivmi^) 

< ^(IMb + ||VF|| i2 + ||Vm|b + llVnlb + llV^lb) 

< JT. (2.67) 

Then, from Sobolev's embedding theorem, we finish this proof of Corollary 12.31 □ 

Lemma 2.13. Under the conditions of Theorem 1.1, it holds that 

sup \\m - m\\ H 2 + \\n - h\\ H i < K. (2.68) 
te[0,T] 

Proof. From (ll.lb i and (11.111 ). we have 

d,A\(m{x, t)) + u- VAi + P(m(x, t), n(x, t)) - P(m, h) = -F(x, t). (2.69) 
where Ai satisfies that Ai(ra) = and A'^ra) - > 0. Similarly, from (II. lb -? and (11.111 ). we have 

d,A 2 (n(x, t)) + u- VA 2 + P (m(x, t), n(x, t)) - P(m, n) = -F(x, t). (2.70) 

where A2 satisfies that A 2 («) = and AUn) - > 0. 

Differentiating ( 12.691 ) with respect to x, and xj, multiplying both sides of the resulting equation 
by didjAi(m), integrating the result equality over K 3 , we obtain 

lit f ^i d J A ^ 2dx ^ \ (ididjAiimmdjFl + ^idjAiimmdjPl + \d i djAi(tn)\\d 1 0j(jfVA 1 )\)dx. 

(2.71) 

Using the Cauchy inequality and the Gagliardo-Nirenberg inequality, we have 
IIAiWII^ < IIA^OH^ + ^JT (G|F|Ifl2 + ||A 2 || fl2 )||Ail| H 2 +(1 +||V B ||i- +|M| fl 2)||A 1 ||^)^. (2.72) 

Similar to (127721 . from dZTDl . we have 

l|A 2 (/)||^ < ||A 2 (0)||^+*: J" ((IIFII^ + HAiMIIAallfla + a+IIViilli- + \\u\\ H 2)\\A 2 \\ 2 j fi )ds. (2.73) 

By (12771 . (12. 10b . (12.32b . (12.38b . (12.60b . Holder inequality and the Gagliardo-Nirenberg inequality, we 
get 

* K(\\F\\ L 2 + \\Vmu\\ L 2 + \\mVu\\ L2 ) 
<K(\+\\Vm\\ L3 \\u\\ L6 + \\Vu\\ L 2) 

<K(l + ||Vm||J 2 ||V 2 /n||J 2 ||V«|b + ||V«|b 
<K(\ + HAiH^a + HVilb) + ||V«|| i2 ) . (2.74) 
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Thus, from (127421) . ( 12551 . (12351) . ( 127721 . (127731) . and (127741) . we have 

iiai(oii^ 2 + iiA 2 a)ii^ 



< HAi(0)||^ + ||A 2 (0)||^ + K f((l + HViiHi- + \W\\i? + NI^OIAiH^ + ||A 2 ||^ 2 ) + \\Vu\\ 2 L2 )ds 

Jo 

<K + K f (1 + ||Vb|1 £ - + ||V«|| i? )(||Ai||^ + ||A 2 ||^)Jj. 

*J 

(2.75) 

From (12.38b . (12.601 ). and using the Gronwall's inequality, we can immediately obtain (12.68I ). □ 
Lemma 2.14. Under the conditions of Theorem 1.1, it holds that 

f \\u\\ 2 dt < K. (2.76) 
Jo 

Proof. From fiZM . (I2742T) . (121)81) and (127741 . we have 

[ (\\F\\ 2 H2 + \\aj\\ 2 H2 )dt<K. (2.77) 
Jo 

From 021 . QUI) . (127681 and (127771) . we have 

f N|* <fc < f (|| M || l2 + HVFHfli + ||V(P(m, n) - P{m, + ||Vw|| ff i ) 2 * 

Jo Jo 

< K f (1Mb + HFIhaa + ||m - m|| ff2 + ||n - h\\tf- + dt 

Jo 

< K. (2.78) 
This completes the proof of Lemma [2.141 □ 

Lemma 2.15. Under the conditions of Theorem 1.1, it holds that 



sup r \vu\ 2 dx+ r r iv^i 2 ^^^. (2.79) 

re[0,7] J Jo J 



Proof. We take the operator V<9 f + Vdiv(w-) in (1.1)3, multiplying the resulting equations by Vm, we 
obtain 

Vu j V[d,(muj) + div(umuj)] + Vu j V[djP t + div(udjP)] 
= nVuN[d t ^ + div(«A^')] + (A + fi)Vu j V[d jd t (divu) + div( M 5 ; (divw))]. (2.80) 
Integrating the above equation over K 3 , and using integration by parts, then we have 

— J" m\Vii\ 2 dx - — J" mo\Viio\ 2 dx - ^ J Vmd t uViidxds - ^ J ' V(muj)djiiVudxds 

- f Q J Vu j V[djd t P + div{udjP)] dxds - fi j Q J Aw ; [Aw/ + div(uAu j )] dxds 
-(A + //) J" J" Aii } \djd t {di\u) + div(«5 i (div«))]} dxds 

6 

:=£/,-. (2.81) 
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From mo - m € H 2 , and uq € H 3 , we know 



/i = - I m |V«ol 2 ^ < K. (2.82) 



From the integration by parts, the equation (1.1)3, (12.38b . (12.65b . (12.68b . (12.76b . the Holder inequality, 
the Cauchy inequality and the Gagliardo-Nirenberg inequality, we get 

I2 = — f f Vmd t uViidxds 

~ K L X |Vm||Vii| ( |v2 " l|Vw| + l Vw H Vm l + |Vm||V«| + |Vm||Vn| + |V 2 w||Vm| 
+|Vm| 2 + \Vn\ 2 + |V 3 m| + |A«| + \V^divu\)dxds 



< K J\\\Vu\\l 2 \\V 2 u\\l 2 (\\V 2 m L 2 + llV^div - . ,„ - 



+l|V 2 a|| i2 [(|M|^ 2 + \\n\\ 2 H2 + l)(||Vm||^ + 1) + ||Vm|| Hl || M || H 3]}^ 

^ K+ TK f(HV 2 M|| 2 + ||V^-div M || 2 )c/s. (2.83) 
10 Jo Dt 

From the Holder inequality, Gagliardo-Nirenberg inequality and the Cauchy inequality, we obtain 

1$ = - ^ ^ V(mu^)djiiVii dxds 

— — ^ ^ Vmu^djiiVii + Vu^mdjuVii dxds 

~ K L I l|V " ll ^ (l|Vm|l ^ 2|l " llL " + II v "Hl 2 )^ 

~ K L I ^h\\^\\l 2 dxds 

< K + £ \\V 2 ii\\ 2 L2 ds. (2.84) 

From the integration by parts, the equation (l.l)i, (1.1)2. ( 12.38b , d2.65b . ( 12.68b . the Cauchy inequality, 
we get 

14 = X X AiiJ [djP t + div(d jPu)]dxds 

= ~I X ( d i Mi i p mm t + P n n t ) + d k Au j djPu k ) dxds 

= - J J ([P m m + P n n]divudjAu j - dk(d jAu J u k )P + Pdj(dkM j u k )^ dxds 

(X X (iv2Mi+ivm " VMi+iv "" VMi)2t/x ^) 2 (X X ^ 2 ^ 2dxds )' 

K+-^ £\\V 2 u\\ 2 L2 ds. (2.85) 



< K 
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From the integration by parts, the equation (12.38b . ( 12.491 ), (12.651 ). (12.681) . the Cauchy inequality, we 
get 

/5 = - ^ ^ fiAii-i (Au J t + divfwAw 7 )) dxds 
= ^ J* /j.(djAu J djU J t + Au^u ■ VAii^ dxds 
= J J n (diAii j (diU j - dj(u • Vw ; )) + Au j u ■ VAw ; ) dxds 
= J j" fi (-|V 2 m| 2 - diAWu k dkdiu{ - djAu j diU k dkU J + Au j u ■ VAw ; ) dxds 
= J J /j.(-\V 2 ii\ 2 + diAu j divudiJ - diAii j diU k dkU j - diU ] diU k dkAii^ dxds 

< -i J J n\V 2 ii\ 2 dxds + K J J \Vu\ 4 dxds 

< ~J J n\V 2 u\ 2 dxds + K. (2.86) 
From the integration by parts and the Cauchy inequality, we get 

Id = -(A + n) ^ J~ Am 7 (djd t (&ivu) + div(w<9 i (divw))^ dxds 

= {A + /j) J (djAui[d t {divu) + div(wdivw)] + Au^div(djudivu)j dxds 

= (A + ji) J J (djAui[d t (drvu) + dkU k divu + u k dkdivu)] - d ; (A« 7 )d jU l divuj dxds 

<(A + n)J J djAu j ^divudxds + K J J \V 2 ii\\Vu\\V 2 u\dxds 

<(A + v) J J (djA(d t u j + u- Vu j )^divujdxds + K J ||Vw||H|V 2 w|| L 2||V 2 m|| L 2^ 

<-(A + fj.) J J \V^-dwu\ 2 dxds + K IIVBllL-IIV^II^^I^Blb + HV^divBlb)^ 

<_^lif f f |v— divufdxds + — f \\V 2 u\\ 2 2 ds + K. (2.87) 
2 Jo J Dt 10 Jo L 

From (l278Tb - (l2T87T > and (l2~738i we immediately obtain < f2?79b . □ 

Lemma 2.16. Under the conditions of Theorem 1.1, it holds that 

sup \\uWffi < K. (2.88) 
fe[0,T] 

sup ||(m -m,n- n)\\ H 3 < K. (2.89) 
re[0,r] 

sup \\(m t ,n t )\\ H 2 <K. (2.90) 
te[0,T] 

J (\\u\\ 2 H 4+\\u t \\ 2 H2 )dt<K. (2.91) 
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Proof. From (fTT2l) . (I277T ). (lT8i (|27T0T >. (12.68b . ( f2?79T > and the Gagliardo-Nirenberg inequality, we 
have 

Il«llfl3 < K(\\u\\i? + \WF\y + \mP(m,n) - P(m,n))\\tf + IIVMIhO 

< K(\\u\\ L 2 + ||V(m«)|| L 2 + \\m - fh\\ H i + \\n - n\\ H ^ 

< K(\\u\\ L 2 + \m\\ L 2 + \\Vmu\\ L 2 + \\m - m\\ H 2 + \\n - h\\&) 

< K. (2.92) 
Thus, we can get ( 12.881 ). 

Differentiating ( 12.691) with respect to X[ , xj, and xu, multiplying both sides of the resulting equa- 
tion by didjdkAi(m), integrating the result equality over R 3 , we obtain 

-jf \didjd k K Y {m)\ 2 dx< fddidjdkAtimWidjdkFl 

+\d i d j d k A l {m)\\d i djd k P\ + IdidjdkArimWidjdkiu ■ VAi)|)rfx (2.93) 
Using the Cauchy inequality and the Gagliardo-Nirenberg inequality, we have 

IIAiWII^ < HAi(0)||^ + K f ((\\F\\ H3 + IIAallfls)!^!!^ + (1 + ||Vu|to- + N^HAiH^. (2.94) 

Jo 

Similarly, from (12.70b . we have 

l|A 2 (0ll^ < IIA 2 (0)||^ + K f ((\\F\\& + \\M IMHAall^ + (1 + ||Vu|b» + || M || ff 3)||A 2 ||^)^. (2.95) 

Jo 

From (12771) . (12. 1 8b . (12.421) . (12.68b . (12.79b and the Gagliardo-Nirenberg inequality, we have 

\\F\y < K(\\F\\ L 2 + \\Vmu\\ Hi + HibVbIIhi) 

< K(l + \\V 2 mu\\ L 2 + l|V 2 «|| i2 + \\VmVu\\ L 2) 

< K(l + \\V 2 u\\ L 2 + ||V 2 m|blWb + IIVi»||z?||Vb|| L 6) 

< K(l + \\V 2 u\\ L 2 + ||V 2 m||pV 3 m||J 2 ||Vw|| L 2 + ||Vm||J 2 ||V 2 m||J 2 ||V 2 «|| L2 ) 

< K(l + \\V 2 u\\ L 2 + HAiUfls). (2.96) 
Thus, from (IT791) . (I2T88T) . (12/94]) . (127951 and (12796b . we have 

HAi (011^ + IIA 2 (0ll^ 

< IIAi(0)||^ 3 + ||A 2 (0)|| 2 3 + K f((l + HVmIIi,- + ||V 2 m|| l2 + IMI^XHAiH 2 ^ + IIAzll 2 ^) + ||V 2 «|| 2 2 )^ 

+J 

< # + # f (l + ||v 2 i i|| i2 )(||A 1 || 2 + ||A 2 || 2 )^, 

Jo 

(2.97) 

where we have used mo - m € H 3 , no - n € H 3 . 

Using (12.79b . (12.97b and the Gronwall's inequality, we have 

\\M(t)\\ 2 H3 + \\A 2 (t)\\ 2 H3 < K. (2.98) 

Thus, we can immediately obtain (|2.89b . 

From (1.1)! , (1.1) 2 , (I2T881) and (l2~89l) . we get 

sup ||(/n f ,n f )|| ff 2 < ir. 

?s[0,r] 
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Then we get dX90l 

From (E3]>, (127791) . (TZ981 and (11961 we have 



f (lFII^ + INI^)^<^- (2-99) 
From (OIK (I2TT01 . and (IZ991 . we have 

I IMI^ < K £ (\\uf L2 + ||VF||^ + ||V(P(m, «) - P(m, «))||^ + ||Vo>|| 

«-/ 

< if f (|M£ 2 + ||F||^3 + ||m - m||^ 3 + ||n - nf^ + IMI^)* 

< K. (2.100) 
From u = u t + u ■ Vw, (12.791) and (12.881 ). we have 

T 

2 m dt < K. (2.101) 



Then we get (12. 101b . 

This completes the proof of Lemma l2. 161 

Step 3: Completion of the proof of Theorem 1.1. 



By Lemmas 12.11 12.91 and 12.161 we get (12.11 ) and (12.2b . which concludes a contradiction. Thus, 
T* = oo. The proof of Theorem 1.1 is complete. 
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